We examine in detail the possibility of using the Higgs mechanism to remove the catastrophic infrared singularities in non-Abe&n gauge theories which are symptotically free. Our investigation encompasses theories based on SU(N) or O(N) with scalars in one vector, two vector, M vector, adjoint, tensor and adjoint plus one vector representations.
I. INTRODUCTION
Recently Politzer , 1 Gross and Wilczek2 have discovered3 using the GellMann and Low renormalization group techniques, 4 that for non-Abelian gauge theories the origin of the coupling constant space is a stable fixed point5 in the deep Euclidean limit. Theories having this property are now often referred to in the literature as being "asymptotically free". 6 Furthermore extending the result of an earlier work of Zee, 7 Coleman and Gross8 have shown that no renormalizable field theory can be asymptotically free without non-Abelian gauge fields.
There are also theoretical arguments' indicating that Bjorken scaling as observed in the deep inelastic electroproduction experiments at SLAC and its implied canonical behavior of the light cone in the configuration space can only be obtained in a theory where the effective coupling constants vanish in this asymptotic limit, All these developments lead us to the following conclusion:
if Bjorken scaling, as a true asymptotic phenomena, 10 is to be explained in renormalizable field theories, we must have a non-Abelian Yang-Mills theory for the strong interactions.
The great practical advantages of asymptotically free gauge theories is that one can study certain physically interesting strong interaction quantities in the ultraviolet regime by perturbative methods. The high energy efe-annihilation (via one photon) total cross section goes as s -1 with calculable logarithmic corrections. 11 The anomalous dimensions of the entire tower of low twist operators in the Wilson light cone expansion may also be calculated. 12 It was found that such theories give scaling up to logarithms. 13,14,15
One of the difficulties of asymptotically free gauge theories is the presence of very severe infrared singularities coming from the massless nature of YangMills particles. Due to the non-Abel&n nature of these gauge symmetries, these infrared singularities can not be handled like those of the usual QED. l6 The consequence is that only off-shell Green's functions can be studied and the on-shell S-matrix elements are left undefined. However it is well-known that the Higgs phenomenon, 17 in which the gauge symmetry breaks spontaneously, can
give masses to the gauge particles in such a way that the renormalizability of the theory is preserved. The aim of this paper is to investigate whether by this mechanism we can remove all the infrared singularities while maintaining the asymptotic freedom.
The problem of incorporating scalars in the asymptotically free theories was first examined by Gross and Wilczek. 13 The difficulty, as pointed out by these authors, lies in the fact that the self-quartic couplings of scalars, inevitably present in any renormalizable field theories involving scalars, are inherently unstable but for the presence of gauge couplings. In Ref. In section II we set up the general formalism and establish our notation.
We make some general remarks about the calculation of the coefficients in the renormalization group equations for the coupling constants and discuss our method of determining the stability of this system of differential equations., We also breifly discuss the situation in semi-simple groups. We note that if any one of the product groups is a U(1) the theory will not be asymptotically free.
In section III we consider the effect of the presence of Yukawa couplings on the asymptotic freedom of the theory. We demonstrate that if the Yukawa couplings are stable at zero they will be driven to zero at a faster rate than the gauge coupling constant itself and hence will not influence the stability properties of the scalar couplings.
The proof for a case of more than one Yukawa coupling is left to Appendix A.
In section IV we investigate the asymptotic stability of the scalar coupling constants.
We examine scalars belonging to one vector, two vector, M vector, adjoint, antisymmetric tensor, symmetric tensor, and adjoint plus one vector representations of O(N) and SU(N). Many of the details of the calculations are left to Appendix B. We observe a general pattern of the occurrence of asymptotic freedom in gauges theories with scalars. As the number of scalar fields increases, the dimension of the group and therefore the number of gauge bosons must also be increased to maintain asymptotic freedom. We find no examples when the symmetry is broken down to an Abelian symmetry which is also ultravioletly stable D For completeness we include an Appendix (C) that review the results of one of us (L,F,L.)18 on the symmetry breaking induced by the Higgs mechanism for various representations of SU(N) and O(N).
In section V we make some concluding remarks as to the compatibility of asymptotic freedom and the existence of an S matrix in perturbation theory.
II. GENERAL FORMALISM
The most powerful technique used in studying the asymptotic properties of the renormalizable field theory is the Callan-Symanzik equations. We refer the reader to Coleman's Erice lecture 19 for an elegant presentation of this technique.
Here we write down only those differential equations for the invariant coupling constants which are needed for studying whether the gauge theories can be asymptotically free in the presence of the Higgs phenomenon.
Let Ais pi, +a be the hermitian gauge fields, real scalar fields and spin one-half fields respectively. The most general renormalizable Lagragian, which is locally gauge invariant under some simple compact Lie group $2 with structure constants C abc , is as follows:
where V(G) is some quartic polynomial in $ (2.1)
1jM 'i'j'k@Q + lower order terms (2.2) .
and
The scalar (fermion) fields belong to some, in general reducible, representation of 9, with corresponding representation matrices of the generators, Ba (ta ij alp ). The constraints on Oa, t", m9, h and V due to requirements of hemiticity and gauge invariance of the Lagrangian may be easily worked out.
Given the above Lagrangian we can immediately write down the lowest order approximation of the renormalization group equation for the effective coupling constants. We have used the following identities:
(tata)ij = S2(F) 6.. 1J
(eaeajij = s2(s) bij
'3 (2.7) (2.8) (2.9) (2.10) which define constants S1, S2 and S3 depending only on the group (G) and the representation of the fermions (F) and scalars (S). We have also used the fact that f ijke is totally symmetric.
A number of comments concerning this set of coupled equations are in order.
(A). These equations apply in the deep Euclidean region where all the dimensional coupling constants, like mass term and super-renormalizable interactions, can be dropped. They describe the response of the coupling constants when the normalization point M at which the couplings are defined is changed to hM. Thus the coupling constants appearing in the above equations are functions of t = -Qn A and are commonly referred to as "effective coupling constants" or "running coupling constants". The boundary condition for these effective coupling constants is that they are equal to the couplings appearing in the Lagrangian defined at Euclidean symmetric points p2 = -M2. For simplicity of notation we shall not give the effective coupling constant separate labels and their dependence on t is to be understood in the following discussion.
(B). Since we are only interested in exploring around the origin of coupling constant space, it is adequate for our purposes to calculate to lowest order.
It should be noted that the lowest order terms are not necessarily all single loop diagrams.
In particular, Fig. 2c is a two-loop term. However, as it turns out, the structure of Eq. (2.8) is such that if the theory is to be asymptotically free the scalar couplings f must be proportional to g2 as g approaches zero in the ultraviolet limit. Consequently, the hff term may be dropped and only one-loop diagrams need be considered.
(C We note that To being a stable fixed point implies that f.. W y-g2(t) 5 goes to zero as t-cm.
In most of the cases we consider in section IV we use computer to do these straightforward but tedious calculations.
(F). Up to this point we restricted our considerations to simple Lie groups,
1. e., theories with only one gauge coupling constant. We shall make a brief comment on the more general cases involving semi-simple groups; which are just direct products of simple groups G1 X G2 X . . . X Gn, each with its own coupling constant gi. To lowest order (gf ) the renormalization group equations for each of the coupling constants is independent of other coupling constants 21 and therefore the results can be deduced from that of simple groups. It is interesting to note that if one of these groups, Gi, is an Abelian (U( 1)) group, the associated gauge coupling will not be driven to zero and the theory is not asymptotically free.
Since most unified theories of weak and electromagnetic interactions are based on the gauge group SU(2) X U(l), the ultraviolet behavior of such theories is not controlled by the fixed point at zero coupling and the Johnson-Baker-Willey and
Adler programs remain a possible approach to Q. E. D. within these unified theories.22
III. RENORMALIZATION GROUP EQUATION FOR THE YUKAWA COUPLINGS
No renormalizable field theory can be asymptotically free with non-Abelian gauge fields. It is understood in this statement that one accepts the semiclassical arguments that the quartic self -coupling f.. w must be a positive definite tensor for the energy spectrum to be bounded below. On the other hand, Symanzik has suggested that such argument may not be so compelling in a full quantum field theory 23 (iO e., beyond the tree graph approximation). Clearly, if this positivity condition is relaxed, one can have an asymptotic free (p4 theory.
However, it should be pointed out that in the view of the works by Zee, 7 Coleman and Gross8 it is impossible to construct any realistic theory even if the sign of $ term can be changed. The nontrivial introduction of fermions will immediately destroy the asymptotic freedom since Yukawa couplings are inherently ultra-' violet unstable, independent of the choice of sign for the (p4 term.
The asymptotic stability property of Yukawa couplings is altered dramatically in a non-Abelian gauge theory. As we shall see, Yukawa couplings can now be driven to zero in the deep Euclidean limit. In fact, they are driven to zero at a much faster rate than the gauge coupling itself.
To illustrate our point, consider first the simple solution where only one Yukawa coupling constant is present. The set of coupled equations in (2.7) is reduced to (recall that the hf2 term is negligibly small) 16n2 $ = Ah3 -Bg2h and B = 3(N2 -1)/N. The stability properties of this set of coupled equations can be determined after they are simplified by diagonalization of the h "P matrix.
Again, we find (see Appendix A) that if the theory is asymptotically free, i.e. , h w /g-constants, then these constants are all zeroes.
The equations for the effective scalar self-coupling constants, Eq. (2.8),
are of the form:
Since h goes to zero faster than g, i.e, , h <g, in the large ultraviolet regime, the fh2 and h4 terms clearly can be dropped when compared with fg2 and g4 terms.
IV. RENORMALIZATION GROUP EQUATIONS FOR THE SCALAR COUPLINGS
In this section, we investigate the large momentum behavior of the scalar couplings for those classes of gauge theories based on the familiar O(N) and SU(N) groups with various choices of the representation of the scalars up to second rank tensors. Tensors higher than 2nd rank are more difficult to handle.
But we note that in Eq. (2.6) for the gauge coupling constant the contributions of gauge particles ,5$(G) have the right sign for asymptotic freedom and is proportional to N in both O(N) and SU(N), while the scalar contributions S3(S) have the wrong sign and are proportional to (N) k-l for scalars belonging to k-th rank tensors (see Appendix B Table) . For large enough N, any tensor higher than second rank will destabilize the gauge coupling and can be ruled out for our purposes.
Since the calculations are very similar in all cases, we will only give the results here and give some of the details in the Appendix B. We will first discuss the situation in O(N) in IV(A) and briefly describe the similar situation in SU(N) in IV(B), followed by a discussion in IV(C). We can proceed by using the variable hi = hi/g2 and finding all the real roots of these four simultaneous non-linear equations and then we can check the stability by calculating the eigenvalues of the slope matrix evaluated at these roots. Because of the complexity of all these calculations, we do all these steps numerically on the computer. The result is that this class of theories will become asymptotically free for N 2 7 D But the symmetry is broken from O(N) to O(N-2) by these two sets of vector representations(see Appendix C). Hence for Nz 7, the Higgs phenomenon fails to remove all the infrared singularities.
When we compare the two cases we have considered so far, it seems that as we put more scalars into the theory to break the symmetries further down, the threshold value of Nfor asymptotic freedom of the theory also increases.
Since the number of coupling constants increases rapidly with the number of vector representations, it is very difficult to do the case with more than two vector representations even on the computer. However we observe that Eqs. we can impose the interchange symmetry among these M sets of scalar field to reduce the number of independent coupling constants to only three. The final results are summarized in Table 1. This table   also shows the pattern we mentioned before. In the limit N is very large, the theory is stable for M 5 0.85 N, but the symmetry is broken completely for ML N-l =N.
We now consider the more complicated second rank tensor representations of O(N). We only give the results here, Details of the quartic couplings and stability equations are given in Appendix B. For the second rank symmetric tensor representation, the asymptotic freedom starts from N=14. For the antisymmetric second rank tensor representation, it is asymptotically free for N L 8. If we add a vector representation to this antisymmetric tensor, the threshold value of Nfor asymptotic freedom starts to move up to N=9. But for all these cases, it can be shown that the Higgs mechanism fails to remove the infrared singularities.
B. Stabilities of Scalar Couplings in SU(N)
The situation in SU(N) is very similar as that of O(N). We only describe the pattern here and refer the reader to the Appendix B for the form of quartic couplings and stability equations.
In the simplest case of only one vector representation of SU(N), the theory is asymptotically free for N 2 3, and the symmetry breaking pattern is from sum -SU(N-1) 0 Hence SU(3) gauge symmetry has asymptotic freedom and also has the infrared singularities associated with unbroken SU(2) symmetry.
We next consider the case of two vector representation, which is enough to break the SU(3) symmetry completely. It turns out that the starting value for asymptotic freedom moves up to n = 4, and SU(4) is reduced only to SU(2) by two vector representations. For the cases with more than two vector representations, we impose the same interchange symmetries among these vector representations as the case in O(N). The results are summarized in Table 2 . This shows the same pattern as we indicated in the case of O(N). In the limit of large N we can solve the equations analytically to show that it is unstable for N-l vectors in SU(N).
We next examine the cases with second rank tensor representations. The choices of second rank symmetric tensor and adjoint representations have been studied 13 by Gross and Wilzek. We include their results here for completeness and comparison.
In the case of the symmetric tensor representation, the theory becomes asymptotically free for N > 9.
If we use only one adjoint representation, the asymptotic freedom will start from N=6. When we add one vector representation to the adjoint representation, the threshold for asymptotic freedom move up to N=7. We have also considered an antisymmetric tensor in SU(N) ; we find asymptotic freedom for N 2 5. Again for these values of N there is always a nonAbelian symmetry left after the spontaneous symmetry breaking through the Higgs mechanism.
C. Discussion
The general pattern for all these cases seems to be that when we put in scalars to remove all the infrared singularities, the theory will lose the asymptotic freedom. Or if we insist on asymptotic freedom, the maximum sets of scalars we can put into the theory will only break the symmetry down to some non-Abelian symmetry. For example, in the most familiar SU(3) group, it is asymptotically free if we use only one triplet of scalars, but there is a non-Abelian SU(2) symmetry left unbroken, which leads to the uncontrollable infrared catastrophe.
If we use two triplets of scalars to break the SU(3) symmetry completely, the theory will no longer be asymptotically free.
We have not exhausted all the possible choices of representations for the scalars.
Since there are so many instances exhibiting the same feature, we conjecture this to be a very general property of the Higgs phenomenon in asymtotically free gauge theories. The validity of this conjecture and the possible physical mechanism responsible for this property is under further investigation,
The fact that asymptotic freedom is only possible in the non-Abelian gauge theories and not in any of the other renormalizable theories, (e.g., Abelian gauge theories, Yukawa coupling and h44 theories) is not well understood. It is a possibility that the asymptotic freedom of non-Abelian gauge theory is due to the presence of the infrared singularities, since there is no infrared catastrophe in any other theories. All the cases we consider in the last two sections, indicate that whenever the infrared singularities are removed or reduced to Abelian symmetry, the asymptotic freedom is lost.
V. CONCLUSION
The systematic investigation of the effect of scalar couplings on a wide class of non-Abelian gauge theories leads to the results that the Higgs phenomenon fails to remove the infrared singularities in such a way that the asymptotic freedom is preserved. Whenever enough scalars are introduced to break the gauge symmetries completely, the theory loses its asymptotic freedom. This seems to indicate an intimate connection between the infrared singularities and the asymptotic freedom in the asymptotic freedom in the non-Abel&n gauge theories. It deserves further investigations to have a better understanding of this feature and hopefully progress in this direction will shed some light on the origin of the asymptotic freedom.
One might hope that somehow the symmetry is broken dynamically to give masses to the gauge particles instead of the simple Higgs mechanism. So far only the plausibility of this idea has been demonstrated in the context of Abelian gauge theory. 25 However there is some difficulty in applying those arguments to the more interesting non-Abelian gauge theory. One of the crucial assumptions needed to demonstrate the possibility of having spontaneously broken symmetry solution is that fermion self-energy X(p) has the asymptotic behavior
( 1 2 Z(p)-+ y(g ), i.e., Z(p) has anomalous dimension.
However in the asymp-P totically free theory Z(p) behaves like (log p2," , i. e., it can never have anomalous dimension.
26 Hence if this approach is workable at all, new techniques are needed to implement this idea.
In the absence of any reasonable physical mechanism to break the gauge symmetries to give masses to the gauge particles, it seems that we have to face the severe infrared singularities in the non-Abelian gauge theories seriously.
One has to handle the infrared singularities one way or the other in order to have well-defined S-matrix elements. It has been speculated by a number of people that the local gauge symmetry may in fact remain to be exact and the strong coupling nature of the theory in the infrared limit may just provide us with the desired mechanism for quark-confinement. 27 Although this possibility is very b attractive, it has not been well formulated in any kind of theoretical framework.
Undoubtedly any progress along these lines will lead to a tremendous enhancement in the understanding of strong interaction physics. Using the trick of introducing the transformation matrix, as described above, we can calculate easily the quantity S3(R), which is the contribution of scalars to p(g) of the gauge coupling constant. We tabulate the results and show then in Table 3 . 
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4. Lowest order contributions to the quartic self coupling renormalization constants. Diagrams in 3a, 3b, 3c, 3d and 3e correspond to the f3, fg2, g4, fh2 and h4 terms in Eq. (2.8).
The three graphs contributing to the Ag terms in the renormalization group dh2 equations for dt , in the case that the scalar fields belong to the antisymmetric tensor plus one vector representation of O(N).
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TABLE CAPTIONS
The threshold values for asymptotic freedom in O(N) with various vector representations and the pattern of symmetry breaking. 
